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Hamiltonian Mechanics on Euclidean Spaces

In classic mechanics, two factors comes in to play when determining the
motion of a particle with mass m in R”
o The position vector x = (x%, x?, ..., x"~1) and momentum
p=(p%p"....p" ")
@ The energy (Hamiltonian) of the particle given its position x and
momentum p. This is a function (often smooth) H(x, p) over the
phase space R?"

They tells us the trajectory of the particle, starting at (xg, po), through the
following Hamilton's equation

d ; 0

d ; 0
S Xi(t)= ——H,—pi(t) = ———H
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Newtonian Mechanic

If we let

H(x, p) = L V()
m
The Hamilton's equation then becomes

d _pi d ; L 0
=2 D= v

If we let F = —VV/(x), then we have Newton's Second Law

d2

F = mFx(t)
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Poisson Bracket

Definition
For smooth functions f, g : R?” — R, the Poisson bracket is

(f }_ﬂa_g_ﬂa_g
= COxiopl Opiox

The Poisson bracket determines a Lie algebra structure on C*°(R?").
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Conserved Quantity

Given a Hamiltonian H, for any smooth function f : R?” — R and any
~(t) that satisfy the Hamilton's equation,

S 1(1) = {7, Y (1 (1))

A smooth function f is conserved if f'(y(t)) = 0 for all v(t), in other
words

{f,H} =0
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Hamiltonian Mechanics on Symplectic Manifold

We wish to generalize the concepts of Hamiltonian mechanics over
Euclidean space to a more general manifolds.
Definition
A symplectic manifold (M, w) contains a smooth manifold M and a
2-form w such that

e dw=0

o for any p € M, w),: T,M — T;M defined as w),(X)(Y) = w,(X, Y)

is a linear isomorphism.

A symplectomorphism f : (M,wp) — (N,wy) is a smooth map, such
that fF*wy = wpy.
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Hamiltonian Vector Field

Definition
Given f € C*°(M), the Hamiltonian vector field is the unique vector
field X¢ such that df = w’(X¢).

Example
An example would be R?” with w = dp’ A dx’, the Hamiltonian vector field
of x and p' are

0 0
Xxi = a—pi,Xpi = _W

Moreover, w(Xr, Xg) = —{f, g}

Since nondegenerate bilinear w : V ® V — R that is antisymmetric exists
only for dim V' = 2n, we have that symplectic manifold must be even
dimension.
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Hamiltonian System

Definition

For f,g € C*>(M), the Poisson bracket is {f, g} := —w(X¢, Xg).
(Warning: There are different sign convention for different text, we follow
[1] as it is our main reference. However, it is positive in [3])

Definition

A Hamiltonian System (M, w, H) consists of a symplectic manifold
(M,w) and a smooth function H, the Hamiltonian. The Hamiltonian
flow, 4 is the integral flow of the Hamiltonian vector field —Xy.
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Time-Evolution along Hamiltonian Flow

Similar to the Euclidean case, we have the following property.
Theorem

Given a smooth function f, we have that for every p € M

& (®n(t) = {F, H}(@n(t)

Proof.
We have Lf(®(t)) = —Xu(f) = —w(Xr, Xp) = {f, H} 0
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Symplectic Structure on Cotangent Bundle

Example

Let M be any smooth manifold, its cotangent bundle 7 : T*M — M, there
exists one particular 1-form 6 defined for each vector field X at each point
(p,ap) € T;M

0(X)(p, ap) := ap(m(X))

There is then a symplectic form w = df over T*M.
It is not hard to see for the case M = R", 0(x, p;dx;) = p;dx; and
df = dp; N dx;. Precisely the symplectic form for Euclidean space.
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Basics of Quantum Physics

Quantum Physics studies structures of some Hilbert space H.
o A state is a density operator p of H.
@ An observable is a (unbounded) self-adjoint operator O on H.

@ Let 0(O) be the spectrum of O, there exists a projection valued
measure ;€ due to Spectral theorem. Define

Prob({observation of O at state p} € E C 0(0)) = tr(pu®(E))

The expected value of O at p is then

EI01= [ u(mO@n) =t [ M) = u(s0)
Aea(O) A€a(0)
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Time-Evolution

Now we fix an observable I:I call it the Hamiltonian, which determines
time-evolution like in classical world.

Definition (Schrodinger’s equation in the Heisenberg Picture )
An observable O(t) where O(0) = O evolves according to

d —i =
20(0) = Z10(8), A

Here [,] is the commutator bracket.

This is solved by O(t) = U(t)*OU(t), here U(t) := exp(—i%t) is called
the time-evolution operator.
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From Classic to Quantum

Suppose we have a symplectic manifold (M, w), one often want
Physical Quantity f on M — Observable fonH

There is then question

How to Quantize Physical Quantities on a Symplectic Manifold? J

We need a quantization scheme that takes good functions on M to
operators on some H
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Quantization

Definition
A prequantization consist of a Hilbert space H and a linear
transformation
Q:ACC®(M)®C — L(H)

Here A is a Lie subalgebra (closed under {-,-} containing 1. Q satisfies

e Q(1)=1

° Q(f) = Q(f)"

o ihQ({f,g}) = [Q(f), Q(g)] because —£[-,-] and {,-} have the same

role in time-evolution

v

If moreover Q satisfies some irreducibility condition on the observables, it
is called a quantization. [2]
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Weyl Quantization

Let M = R2", Weyl quantization defined for A = C[x;, p;]geg<2 over
H = L?(R") is a commonly used quantization, where

0
0 Xx;

Qweyl(xi) = Xi := xi, Qweyi(pi) = Pj = —ih

And some multiplicative properties.
This cannot be made better.
Theorem (Groenewold's Theorem)

Let D(R") be the differential operators of polynomial coefficient over R",
there does not exists a linear transformation Q : C[x;, pi]deg<4 — D(R")
such that

O Q is a quantization, where Q(x;) = Xi, Q(p;) = P;
@ Image lies in polynomials of X;, P;
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Geometric Quantization for Symplectic Manifolds

Geometric quantization is a daring project aiming to construct a
quantization for symplectic manifolds (M, w).

Geometric quantization consists of

(M,w) PCTEM (H. Q)
Symplectic Polarization Observable

(L,V)
Prequantum
Line Bundle

L®ép
Half-form
Correction

Jiahao Li
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Connections

Let 7 : E — M be a vector bundle.

Definition

A connection is a bilinear transformation V: TM® E — E

Vx(s) = fVx(s),
Vx(fs) = fVx(s)+ X(f)s

For X € TM, s € E, and f smooth.

Connection are differentiation of sections along vector field [4].

Example (Jacobian)
Let E=TR", for X, Y € TM

VxY = (JY)X

where JY is the Jacobian, determines a connection of TR”
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Parallel Transport

Definition
For any smooth curve v : [0,1] — M, denote 4(t) := v.(d/dt), a section
s € E|, is parallel respect to 7 if

Vis=10

The equation above reduce to a set of first order PDE's. Therefore, given
s(0), s(t) is unique

Specifically, a linear transformation P, : E|, ) — El(1), 5(0) > s(1), the
parallel transport of V along ~.

If v is a loop, so ¥(0) = (1), the holonomy of V along 7, HOLY = P,,
which is an automorphsim of E|, .
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Hermitian Connection

Definition

A Hermitian line bundle is a complex line bundle 7 : L — M with a
smooth pairing of sections (-, -) that is an inner product on each fiber. A
Hermitian connection is a connection V on L such that,

(s1, Vxs2) + (Vxsi,5) = X(s1, 52)

Definition
The curvature form of a Hermitian connection V is a 2-form Qy, such
that for any X, Y € TM

Qu(X,Y)s =i(VxVy — VyVx — Vix.y])s
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Curvature Form of a Hermitian Connection

For U C M where L is trivializable, there exists s € L|y such that
(s,s) = 1. Since

(5,Vxs)+(Vxs,s)=0,X € TU
Vxs = —i0(X)s, where € T*M. As it turns out Qy = df over U.
Given a loop ~(t), solving the equation
Vi(fs) =0

gives us

Holwv = exp(i/ﬁ)

~
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Integral 2-Form

If ~ lies on the boundary of some 2-d submanifold S
Holys = exp(i/ Qv)
S

And if S is closed (compact and no boundary), Holys = 1. This is
equivalent to [¢ Qv € 27Z.

We call a 2-form w integral if for all closed 2-d submanifold S, [cw € Z.

Theorem

For every closed 2-form w such that w/2mw is integral, there exists a
Hermitian connection (L, V) over M such that Qy = w.

See [2] for the construction of the line bundle.
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Geometric Prequantization

Definition
A symplectic manifold (M, w) is quantizable if w/27h is integral. J

Let (L, V) be a choice of Hermitian connection corresponding to w/h.

Definition
The prequantum Hilbert space 7. is the space of sections s € L such
that

Is|2 := / (s, 5)voly < o0
M
Where voly := w”"/nl. The geometric prequantization of f is
Qpre(f) :=ihV x, + f

This is indeed a prequantization of C*(M).
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Harmonic Oscillator

Example

Let M =R?, and let H = ﬁpz + %mw2x2. We have

. 0 p 0
2y = 2, 2 _F =
Qpre(p”) = iR[mw*x ~

This operator has eigenvalues niw for n € Z.

However, the quantum mechanic harmonic oscillator should have
eigenvalue fw(n + %) Something is wrong.
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Polarization

From the harmonic oscillator, the geometric prequantization is not the
right quantization.

In Weyl quantization, we look at the L? functions only respect to the
position. These are functions Vx,s = 0.

We might fix a set of direction of the manifold and look at the sections
that are constant along this direction.

Definition
Given a symplectic manifold (M, w) of dimension 2n, a polarization is a
subbundle P C TM := TM ® C such that

o dimP =nand w(X,Y)=0forall X,Y € P

o if X,Y € P, then [X, Y] € P.
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Purely Real of Purely Complex

Given a polarization P C TCM, we call P purely real if P = P, and we
call it purely complex if PN P = {0}.

In this talk,

Polarization are Purely Real. J

However, purely complex polarization is very interesting as well. Let P be
purely complex, there is a decomposition of TEM = P @ P, which can be
given an almost complex structure, and take our discussion to the field of
complex geometry.
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Vertical Polarization of Cotangent Bundle

Example
Let M be a manifold, the cotangent bundle T*M admits a polarization,
the vertical polarization, such that P|r:p = T(T;M).

It is the subbundle of T(T*M) spanned by the tangent vector 8%),- along
the direction of the cotangent fiber.
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One attempt to Geometric Quantization

Replicating the Euclidean case, we might let H C H contains sections s
such that for all X ¢ P

VxSZO

We call s a polarized section.

This however, fails to be nontrivial for many cases.

Example

Vertical polarization on T*M have HolV = 1 on the leaves. The polarized
sections are the ones that are constant along the fiber, yet the integral of
sections constant along the fiber are co unless s = 0.
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However, the set of leaves = = M in this case is also a manifold, and we
can restrict the norm to be integrated over = instead of T*M.

We look at elements in form s ® v/ dx, where s is polarized, and v dx is a
“square root” of the volumn form on =, so ||s ® Vdx|? = J=(s, s)dx here
(s,s) is viewed as a function depends only on x.

Example

In Weyl quantization, our Hilbert space is £L2(R"), the functions that only
depends on x and are £2
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Half Form

Definition
Given a polarization P, the canonical bundle Kp is the real line
subbundle of A" T*M such that for any X € P

txa =20

Moreover, « is polarized if .xda = 0 as well. This is equivalent as saying
Lxa =0.

Let g : M — = sending a point to the leaf it belongs to, equip = with the
weak topology induced by g. If = is a smooth manifold, then

Theorem

[1] For every polarized section o there is an unique section & over = such
that o = q*& and for any n—form (8 of =, q* 3 is polarized.
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If moreover, = admits a nowhere vanishing n-form . Let a := g*( be a
polarized section of M, this is nowhere vanishing so Kp is trivial.

A square root of Kp is a line bundle §p and a bundle isomorphism
op ® dp — Kp.

We define a connection V on Kp, by Vxa = txda, since txa = 0, this

equals to Lxa. We can define an unique operator dp, denoting Lx as well
by defining them on the tensor product, for s € dp

Lx(fs) = X(f)s+ fLxs, Lx(s1® )= (Lxs1)Rs2+ 51 ® (Lx51)
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For any sections s; = u; @ v; € L ® (5(,;, here (5(,§ is the complexification, we
define

(s1,9) == (1, o)1 @ o € Kg
We call a section s = ;1 ® v polarized if
Vxs=(Vxp)®@v+p®Lxr =0

Given polarized sections si, s, (s1,s2) is then a polarized section of Kp,
hence has a corresponding form (s1,s;) on =
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Geometric Quantization with Half Form

Definition

Given a quantizable symplectic manifold (L, V, M,w), a polarization P
such that the leaves = is a orientable manifold, and a square root

0p ® 6p — Kp. The half form space # is the Hilbert space of polarized
sections of L ® 65, such that

(s1,)

Isll2 = / (s75) < 00, {s1,5) ==

|n\

The Geometric Quantization of a function f such that [X¢, X] € P for
all X e Pis

Q(f)s = (Qprep) @ v + ihp @ (Lx,v)

Jiahao Li Geometric Quantization in Mathematical Qua August 12, 2026 33/39



Comparing Different Polarization: BKS Construction

Given two polarization, P; and P,, their intersection Py N\ Py := D15 C Ty
determines leaf space M/Dj,. Suppose there are half-form 61 and d, and

pi i 0; ®@0; — Kp,

There exists 01 ® 62 — T*(M/D12). We define pairing for
Si= W QUi € L®(5§-C

(51,52)12 = / (k1 p2) (71 @ 12)
M/ D1z
This pairing induces an unique operator Ap, p, : H1 — H2 such that

(s1,52)p, = (Ap,,p,51,52)P,

This is called the BKS (Blattner-Kostant-Sternberg) construction
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General Geometric Quantization

Fix a polarization P and let f be arbitrary such that Xy does not
necessarily preserves P. For any t € [0,1], the flow ®f : M — M, defines
us a new polarization

(Pe)p = (P1)Pof)-1(p)

The pullback map (&7 ,)* : T*M — T*M takes Kp — Kp, , and it
induces a linear map (7 ,)* on the half-form &, of P;.

The prequantum operator Qrc(f) defines an operator exp(# tQpre(f)) on
L, then there is

(@D v) = [expl Q1] = [0

From H — H;
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In many cases (for instance the case for vertical polarization of cotangent
bundle), Ap p, and (®1)* are unitary. Therefore, there is an one-parameter

unitary group
U(t) == NAplp o (dh)?

Definition
The most general formula for the geometric quantization is

il
Q(f) = —lhdtb{ (t) o

For the case X¢ preserves P, hence Ap p, is the identity, and the above
equation agrees with the previous definition of geometric quantization
(using product rule-like argument)
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Cotangent Bundle of Riemannian Manifold

Suppose M is a Riemannian manifold. Let w := df be the canonical
symplectic form, therefore L = M x C.

Let P be the vertical polarization. The leaves = = M, which has a
nonvanishing n-form such that for any basis ¢; € T,M

volg(er, ..., en) = 1/det(g(e;, &)
volg then determines the polarized form 7*volg on T*M.

Choose half-form dp to be trivial, with section |/7*volg € dp, and let
op ® 0p — Kp takes \/W*V01g®2 — m*volg.

Since Lx7*vol, = 0 for all X € P, we have L ® 05 = C®°(M) ® C. The
Hilbert space is £2(M, dvolg).
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Quantization of Energy on Riemannian Manifold

Let g* be the dual metric of M, and let

H(x,p) = % + V(x)

Be the energy function on the cotangent bundle T*M.

The geometric quantization of H is then

2
QUH) =~ (A — £R()) + V()

Here A is the Laplace-Beltrami operator and R is the scalar Riemann
curvature of M [5].
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